This paper provides a stochastic geometry framework to perform the coverage and rate analysis of a typical user in co-existing visible light communication (VLC) and radio frequency (RF) networks. The framework can be customized to capture the performance of a typical user in various network configurations such as 1) RF-only, in which only small basestations (SBSs) are available to provide the coverage to a user; 2) VLC-only, in which only optical BSs (OBSs) are available to provide the coverage to a user; 3) opportunistic RF/VLC, where a user selects the network with maximum received signal power; and 4) hybrid RF/VLC, where a user can simultaneously utilize the available resources from both RF and VLC networks. The developed model for VLC network precisely captures the impact of the field-of-view (FOV) of the photo-detector receiver on the number of optical interferers, distribution of the aggregate interference, association probability, the coverage probability, and average rate of a typical user. A closed-form approximation is presented for special cases and for asymptotic scenarios, such as when the intensity of SBSs becomes very low or the intensity of OBSs becomes very high. The closed-form solutions for network design parameters (such as intensity of OBSs and SBSs, transmit power, and/or FOV) enable network operators to distribute the users among RF and VLC networks according to their choice. Moreover, we also optimize the network parameters in order to prioritize the association of users to VLC network. Finally, simulations are carried out to verify the derived solutions. It is shown that the performance of VLC network depends significantly on the receiver's FOV/intensity of SBSs/OBSs and careful selection of such parameters is crucial to harness the benefits of VLC networks. Important trade-offs between height and intensity of OBSs are highlighted to optimize the performance of VLC networks. Index Terms-Multi-cell downlink visible light communication (VLC) networks, rate coverage probability, field-of-view, traffic load distribution, Poisson point process (PPP).
bandwidths, (b) relatively secure transmissions and less susceptibility to electromagnetic interference due to higher penetration losses, (c) exhaustive reuse of frequency, (d) reduced cost of wireless communications due to the unregulated spectrum, and (e) power saving since the VLC transmitters can be used both for illumination and communication. VLC possesses a number of interesting features such as higher data rate (compared to traditional RF spectrum), higher energy efficiency, lower battery consumption and latency to address the requirements of evolving 5G/B5G systems [4] . Recently, four VLC standards have been developed that include Japan Electronics and Information Technology Industries Association (JEITA) CP-1221, JEITA CP-1222, JEITA CP-1223 and IEEE 802.15.7 (a revision of this standard is in progress) [5] .
In VLC, white light is generated on the transmitter side using the commercial light emitting diodes (LEDs) whose modulation bandwidth is limited. Thus various approaches such as pre-equalization, post-equalization, and higher order modulation have been shown to be useful in achieving higher modulation bandwidth of LEDs [6] . The modulation in VLC differs from that of RF due to the non-encoding feature of information in phase and amplitude of the light signal. Modulation in VLC is achieved using variations in the intensity of the light corresponding to the information in the message signal. In the VLC receiver, the light is detected and then converted to photo current. VLC is vulnerable to interference from other light sources such as sunlight and other LEDs; therefore, optical filters are needed to mitigate the DC noise components present in the received signal. VLC systems that are based on intensity modulation (IM) and direct detection (DD) with optical orthogonal frequency division multiplexing (OFDM) have been shown to achieve data rates in the range of Gbps [7] , [8] .
Although both VLC and RF transmissions use electromagnetic radiation for the information transfer, their properties differ significantly. The wavelength of the visible spectrum (380 nm to 750 nm) is much smaller than the area of a photodetector (PD) receiver, which effectively removes multipath fading in VLC networks. Further, optical signals do not interfere with the RF electronic systems and can be used in sensitive areas such as hospitals [9] and aircrafts henceforth. Contrary to RF, VLC is susceptible to indoor blockages (walls, human, material objects, etc.) thus naturally confined to a small area. The received power at PD depends heavily on the line of sight (LoS) signals that may get blocked due to limited field-of-view (FOV) of the PD receivers, and/or radiance angle of the optical LEDs. As such, the dense deployment of LEDs may not guarantee a reliable coverage. VLC is thus considered as a complimentary rather than substituting technology to RF [10] [11] [12] .
A. Background Work
Recently, few research proposals have investigated the performance of hybrid RF/VLC systems [13] [14] [15] [16] . In [13] , energy efficiency of an indoor network composed of a single RF base-station (BS)) and a single VLC BS has been maximized taking the data rate constraints of the users into account and the maximum allowable transmission powers for the BSs. Users are capable of receiving data from both VLC and RF communication systems. The energy efficiency of hybrid RF/VLC communication system is compared to that of the RF-only system. [14] proposes a mobility-aware load balancing scheme, which dynamically associates users to their corresponding BSs. Applying matching theory, the association problem is formulated and solved as a college admission problem (CAP). In [15] , evolutionary game theory-based load balancing algorithm is proposed for hybrid VLC/RF networks considering channel blockage and shadowing. The proposed scheme is shown to improve user satisfaction levels at reduced computational complexity. In [16] , cooperative load balancing scheme with proportional fairness is proposed. Both centralized and distributed resource-allocation algorithms are developed. Results demonstrate that the proposed scheme provides a higher area spectral efficiency (ASE) with reasonable fairness. [17] proposed a hybrid VLC/RF heterogeneous network (VLC-HetNet) where VLC and RF channels are used for downlink and uplink transmissions, respectively. New multiuser access mechanisms, horizontal and vertical handover protocols are discussed.
Recently, the coverage analysis of VLC 1 networks has been conducted in a couple of research studies [21] [22] [23] . In [21] , the outage analysis of a dual-hop VLC/RF data transmission system is considered with energy harvesting. The energy carried by the DC component of the received optical signal is harvested for data retransmission at the relay instead of discarding it. The DC bias is optimized at the LED to maximize the overall transmission rate. Another relevant study is [22] where four different cellular network models (e.g., square, hexagonal, Poisson Point Process (PPP), Matern Hard core process [MHCP] models) for VLC are considered and the signal-to-interference-plus-noise ratio (SINR) outage of a typical user is derived. It is shown that PPP-based cellular model is the most appropriate and tractable for the performance analysis in an indoor environment with multiple attocells 2 . Another interesting and very recent work on hybrid mm-wave and VLC network is conducted by [23] where multiple VLC BSs and RF BSs are considered. In particular, this study quantifies the minimum spectrum and power requirements for RF network to achieve certain per user rate coverage performances. 1 Note that the coverage and rate analysis for traditional multi-tier RF cellular networks can be performed either using stochastic geometry tools where the BSs in each tier are modeled as a homogeneous Poisson Point Process (PPP) [18] , [19] or geometric probability tools where the BSs belonging to a specific tier are uniformly distributed in a given cellular region [20] . 2 An attocell refers to the coverage area of an optical base station (OBS).
B. Contributions
Complementary to the aforementioned works, the contributions of this paper can be summarized as follows:
• We consider a co-existing VLC and RF network covering a large indoor area. The developed framework is unified to capture the performance of a typical user in various network configurations such as (i) RF-only in which only small BSs (SBSs) are available to provide the coverage to a user, (ii) VLC-only in which only optical BSs (OBSs) are available to provide the coverage to a user, (iii) opportunistic RF/VLC where a user selects the network with maximum received signal power, and (iv) hybrid RF/VLC where a user can utilize the available resources from both RF/VLC networks. • The developed framework is precise in terms of capturing the impact of field-of-view (FOV) of the photodetector (PD) receiver on the number of interferers, distribution of the aggregate interference, association probability, the coverage probability, and rate of a typical user. Typically, full FOV of 180°at the PD receiver, is considered by existing studies which leads to a worstcase bound on the interference [22] , [23] . Nonetheless, for a typical user, the received interference and signal power depends heavily on the FOV of the receiver. Moreover, considering a full FOV of the PD receiver guarantees that the serving BS is always within the FOV of the desired receiver, which may not be true and hence overestimate the performance of the optical network. • For a multi-cell VLC network, we first derive the necessary condition for a typical user to have an OBS within its FOV. We then derive the conditional Laplace Transform of the aggregate interference from OBSs in closedform. Then we derive the exact coverage probability and rate using Gil-Pelaez inversion theorem [24] and Hamdi's lemma [25] , respectively. The approach is different from [22] , [23] where the distribution of interference is approximated using the moments of the interference and the coverage probability is then approximated in terms of one infinite integral, one infinite summation as well as two cascaded summations. This work provides the coverage and rate with double integrals. We also present approximate coverage probability for certain special cases. • For opportunistic RF/VLC networks, we first derive the association probability of a typical user with optical BS. We then derive the distance distribution for the selected optical/RF BS and then determine the coverage probability of a typical user. Closed-form approximations are presented for special cases such as when the intensity of SBSs (OBSs) becomes very low (high), respectively. The closed-form solutions for network parameters (such as intensity of OBSs and SBSs, transmit power, and/or FOV) enable network operators to distribute the users among RF and VLC networks according to their choice.
Simulations are carried out to verify the derived analytical solutions. It is shown that the performance of VLC network depends significantly on the receiver's FOV/intensity of SBSs/OBSs and careful selection of such parameters is crucial to harness the benefits of VLC networks.
C. Organization and Notations
1) Organization: The rest of the paper is organized as follows. System model is presented in Section II along with the description of the RF/VLC channel models. The coverage probability and rate analysis of a typical user in isolated RF and VLC network is detailed in Section III. The coverage probability and rate are then derived for a typical user considering opportunistic RF/VLC and hybrid RF/VLC networks in Section IV. Numerical results are presented in Section V and possible extensions to the framework are discussed in Section VI followed by the conclusion in Section VII.
2) Notations: Gamma(κ (·) , (·) ) denotes Gamma distribution with shape parameter κ, scale parameter and (·) is the name of the random variable (RV). represents error function.
II. SYSTEM MODEL

A. Network Model
We consider a two-tier network with optical BSs (OBSs) and RF small-cell BSs (SBSs) distributed according to a 2-D homogeneous PPP o and s with a density of λ o and λ s , respectively. To date there is no universally agreed upon model for the deployment of OBSs. A regular grid-based model (e.g., hexagonal or square lattice) is acceptable for the deployment of OBSs due to some compliance with the regularshaped rooms/lighting arrangements [22] , [26] . However, it has been reported that the deployment of OBSs may likely be random due to the wiring complexity, uncertain lighting requirements, and aesthetic quality [22] , [26] . For example, in some scenarios, a certain portion of indoor area may not need illumination (i.e., illumination may only be required in those areas where visual tasks are carried out). Thus the position of BSs may be unregulated. Subsequently, few recent studies [22] , [23] , [26] have demonstrated that the system with PPP and hexagonal cell deployment provides a lower and upper bound, respectively, for the practical optical systems and can be used as a benchmark without using time-consuming computer simulations. Furthermore, compared to traditional grid-based cellular network models, the PPP-based modeling leads to analytical tractability. The regular grid-based models are known to be optimistic and less tractable for the traditional RF-based small cell networks. As such, performance modeling of a co-existing RF/VLC system with the RF tier modeled as a PPP and VLC-tier modeled as a regular grid leads to additional intricacies in terms of performance modeling, analysis, and optimization of the co-existing RF/VLC systems.
Each OBS consists of an LED lamp and all OBSs reuse the same bandwidth so that there is inter-cell interference (ICI). It is also assumed that the LEDs are oriented vertically downward. The users are distributed as a homogeneous PPP with intensity λ u . The analysis is performed for a typical user located at origin. Each user is equipped with both VLC and RF receivers.
B. Channel Model
1) RF Channel: The RF communication channel power between a user and i -th SBS captures both channel fading and path-loss. The RF power is modeled using WINNER-II channel model as
where χ i is the Nakagami fading channel (with Gamma distributed fading power with κ and as shape and scale parameters, respectively), α is the path-loss exponent, v i is the distance of the typical user to SBS, K = 10 Gamma distribution is a general fading distribution which includes Rayleigh distribution as a special case when κ = 1 and can well-approximate the Rician fading distribution when 1 ≤ κ ≤ ∞.
2) VLC Channel: Each OBS is treated as a point source and the PD is installed on the user device facing upward. The channel DC gain between a user and i -th OBS can be modeled using Lambertian emission model as follows [27] , [28] :
where u i is the distance of a typical user to i -th OBS, m denotes the order of Lambertian emission and can be calculated as m = − 1 log 2 (cos( 1/2 )) , where 1/2 is the LED's semi-angle at half power (i.e., the view angle of LED when the radiant intensity is half of the value at 0°). φ i represents the i -th LED/OBS irradiance angle with respect to the typical user, ξ i is the angle of incidence of i -th OBS to the typical user, A pd denotes the detection area of the PD, T (ξ i ) is the gain of the receiver's optical filter, and gain of the non-imaging concentrator can be given as G(ξ i ) = n 2
where n is the ratio of speed of light in vacuum and velocity of light in the optical material, and ξ fov is the half of the PD's FOV. For visible light, the typical values of n lie between 1 and 2. For LoS case 3 and given the geometrical illustration in Fig. 1 , we can observe that cosφ
where h denotes the fixed vertical separation between OBSs and the user devices and r i denotes the horizontal separation between the typical user and i -th OBS. (1) can then be rewritten as:
3 In this paper, reflection paths are not considered for indoor visible light propagation. It is shown in [22] and [23] that the reflection paths have an insignificant effect on the attocells that are sufficiently away from the wall boundaries. Nonetheless, this is not a limitation and we will discuss an approach to incorporate reflections into the derivations in Section V. The channel power can then be obtained as P vlc
C. Association and SINR Model
We consider maximum received signal power-based association criterion which is equivalent to the nearest BS association criterion for RF-only and VLC-only scenarios. For opportunistic RF/VLC, the typical user opportunistically selects the BS with maximum received electrical signal power for transmission 4 . For hybrid RF/VLC networks, the typical user associates and transmits to both RF and VLC networks. The maximum bandwidth allocated for a typical user in VLC and RF networks is B o and B s , respectively.
The SINR of a typical user from its associated SBS (say B 0 ) is given by
where P rf i and P rf 0 represent the received power of the typical user from i -th SBS and associated SBS, respectively, and the noise power spectral density is N s . The transmission power of a given SBS is denoted by P s . For a typical user, the achievable data rate is given as B s log 2 (1 + γ rf ).
The SINR of a typical user from its associated OBS is defined as follows [22] , [23] , [26] :
where P vlc i and P vlc 0 represent the received power of the typical user from i -th OBS and associated OBS, respectively, and can be calculated by squaring G vlc i given in (2) . R pd denotes the responsivity of the PD receiver, B o denotes the modulation bandwidth of OBSs, and N o corresponds to the spectral density of the noise power. The electrical transmit power of an OBS is given as P o = P 2 opt f 2 , where P opt is the optical transmit power allocated to a user by a given OBS and f denotes the ratio between the average transmitted optical power and the electrical power for transmission without 4 By normalizing P vlc i with the noise power at the receiver, association based on maximum SNR can also be considered.
DC bias. Typically, as f increases the probability of information signal being outside the LED linear working region decreases. For instance, f = 3 means that approximately 0.3% of the signal is clipped. In this case, the clipping noise can be considered as negligible. Since only half of the bandwidth can be used for data transmission in DCO-OFDM system, the achievable data rate is expressed as B o 2 log 2 (1 + γ vlc ) [26] . All LEDs fully reuse the modulation bandwidth available and emit the same average optical power.
III. RATE AND COVERAGE PROBABILITY IN ISOLATED RF AND VLC NETWORKS
The coverage probability of a typical user is defined as the probability that its instantaneous SINR exceeds the target SINR threshold. Since the modulation bandwidth of a given OBS and SBS can vary, investigating the rate coverage probability 5 of a typical user is more precise. As such, we define the target rate requirement of a typical user as R th and, subsequently, the minimum target SINR of the typical user can be given asγ vlc = 2
Bs − 1 for VLC and RF networks, respectively.
The average achievable rate is another important performance metric in a wireless communication system to define the average data rate that a cellular network can support on a given bandwidth. The average rate of a typical user normalized by the bandwidth (either RF or VLC system bandwidth) can be expressed as follows:
A. Coverage Probability for an RF-Only Network
The coverage probability of a typical user (C s ) in an RFonly environment considering Nakagami-m fading (i.e., χ ∼ Gamma(κ, )) can be derived as follows:
where
is the probability of at least one SBS with in R m . Since R m is large, U ≈ 1. The value κ = 1 results in the Rayleigh-fading model, whereas the values of κ < 1 represent channel fading more severe than 5 The rate outage probability is the complement of the rate coverage probability.
Rayleigh fading and values of κ > 1 correspond to channel fading less severe than Rayleigh fading. Note that (a) follows from the definition of the CDF of Gamma distribution, (b) follows from the definition of the upper incomplete Gamma function for integer parameters 
where (s,
. Although the aforementioned approach provides exact coverage probability, its computation can be cumbersome depending on the value of κ. The higher values of κ require higherorder derivatives of the Laplace Transform. As such, in the following, we discuss a more tractable approximation of the coverage probability for Nakagami-m fading channels using the bounds on incomplete Gamma function as given in the following [29] :
where 0 ≤ x ≤ ∞, κ > 0, and κ = 1, wherẽ
As κ → 1, both bounds tend to the exact value 1 − exp(−x), which is the value of γ (1, x) . In the domain 0 < κ < 1, the bounds (also referred to as Alzer's inequality in [29] and [30] ) are sharper if x is small. Using the inequality in (7), the coverage can be approximated as follows. Lemma 1 (Approximate Coverage Probability in Nakagami-m Fading Channels): To approximate the coverage probability, we use the tight upper bound of the CDF of the Gamma RV from (7) as
This bound approximates the tail probability of a gamma RV. The approximate coverage probability can then be given as:
Proof: See Appendix A. For the Rayleigh fading, exact coverage probability can be derived as follows:
whereṽ denotes the distance between typical user and interferers and ρ(r ) =
The general approach to derive the coverage probability is same as in [18, Th. 1] . However, due to the finiteness of the considered indoor area, ρ depends on r , thus leading to a finite integral and a closed-form solution for ρ(r ) as
B. Coverage Probability for a VLC-Only Network
Since we assume maximum received signal power (nearest BS)-based association for VLC-only networks, the distribution of the distance of the typical user with its associated BS can be given as f r (r ) = 2πλ o r exp(−πλ o r 2 )/U. The coverage probability of a typical user relies on the probability that at least an OBS should be located within the FOV of the typical user. Consequently, for a given distance u = √ h 2 + r 2 between the typical user and an OBS, the probability can be given as in the following.
Lemma 2: An OBS exists within the FOV of the typical user iff tan
we can write the probability of at least one BS within FOV of the typical user as follows.
Proof: Using the null probability of a 2-
It can be observed that P(r ≤ T ) is proportional to the intensity of OBSs as well as the height of OBSs and FOV of the PD receiver. When the number of interferers with in the FOV of the PD receiver become small, the coverage probability in noise-limited regime becomes relevant.
Lemma 3 (Coverage Probability in Noise-Limited Regime): The coverage probability of a typical user in a VLC network can be given in closed-form for noise-limited regime as follows:
The user will be in coverage when its distance r ≤ T otherwise there is no coverage since T provides a constraint due to the limited FOV of the receiver and height of the OBSs.
Lemma 4: The exact coverage probability of a typical user C o can then be derived as follows:
,r represents the distance between typical user and
j ω ] is the characteristic function (CF) of , and Im(·) is the imaginary part of φ (·).
Proof: See Appendix B. To derive φ (ω) and C o , our analytical methodology is summarized herein: 1) Derive the distribution of the number of interferers within the FOV of the typical user. 2) Derive the conditional Laplace transform and CF of the aggregate interference (I a ) incurred at typical user. Since X and I a are dependent on r , we compute the conditional CF φ |r (·). 3) Determine φ (·) defined as follows:
4) Derive the coverage probability as detailed in Lemma 4. The details of each step are presented in the following subsections:
1) Distribution of the Number of Interferers: All potential optical interferers for a typical user will be located with in the region between r and T . As such, given the Poisson distribution, the probability mass function (PMF) of the number of interferers N located within r and T is:
Clearly, the probability of having k interferers increases with the increase in the intensity of OBSs and T (which is proportional to the height of OBSs and the FOV of the PD). Note that the difference between the nearest OBS (r ) and T should be minimized in order to reduce the number of interferers and in turn interference, as can also be seen in the following subsection.
2) Laplace Transform of Aggregate Interference: Since the OBSs follow a homogeneous PPP, all N interferers are independent and identically distributed. The Laplace Transform of I a , conditioned on r , can then be given as follows:
where I = R 2 pd P o Z (r 2 + h 2 ) −(m+3) , (a) follows from the definition of the exponential function, and (b) follows by definingũ = √r 2 + h 2 . Conditioned on r , the PDF ofr and u can be given, respectively, as: fr (r ) = 2r T 2 −r 2 , r ≤r ≤ T , and fũ (ũ) = 2ũ T 2 −r 2 ,
Applying the aforementioned distance distributions, a closed-form expres-
] can be given as in the following. (13) , we first derive L I|r (s) as follows:
Substituting the closed-form result of L I |r (s) in (13), we obtain the closed form expression for L I a (s) which can be substituted in (11) to obtain the CF of . After averaging over r , we can obtain the CF of and ultimately the coverage probability using 
C. Average Achievable Rate
As we can observe that the approach for the ergodic capacity calculation in (4) requires another integral on top of the coverage probability expression; therefore, the approach can be computationally intensive. Instead, we resort to another approach where the average rate normalized by the available bandwidth can be derived using the Laplace Transform of the received signal and interference power [25] :
where L Y (s) = E[e −sY ] and L X,Y (s) = E[e −s(X +Y ) ] is the joint MGF of X and Y . For RF-only networks, we can derive the average rate for a typical user as follows:
where L I |v (s) can be given as in (6) and X = K P s v −α χ 0 . Conditioned on v, the variables I and X are independent, therefore L I,X |v (s) = e −s X L I |v (s), where L X |v (s) = (1 − s P s v −α ) −κ . Similarly, for VLC-only networks, we can derive the average rate for a typical user as follows:
where L I a |r (s) can be given as in (13) . Note that conditioned on r , the variables I a and X are independent, therefore L I a ,X (s) can be given as L I a ,X |r (s) = e −s X L I a |r (s).
IV. RATE AND COVERAGE PROBABILITY IN CO-EXISTING RF/VLC NETWORKS
In this section, we derive the coverage probability of a typical user in the two following network configurations: (i) Hybrid RF/VLC, where a user can communicate to both RF and VLC networks at the same time, and (ii) Opportunistic RF/VLC where a user opportunistically selects the network with maximum received signal power. The optical signals received at the PD receiver are converted into electrical signals. The received electric signal power at the PD is a function of the responsivity/optical-to-electrical conversion efficiency R pd and is given by R 2 pd P o P vlc 0 , where P o is the electrical power transmitted by the OBS. Subsequently, the user compares the electric signal power received at both RF and VLC channels.
A. Coverage With Hybrid RF/VLC Communication
In a hybrid RF/VLC network, the rate outage will happen if and only if both RF and VLC link rate to the typical user goes below the target rate threshold R th . Subsequently, given the rate coverage probabilities of a typical user in RF-only and VLC-only networks as in (5) and Lemma 4, respectively, we can derive the coverage probability of a typical user with hybrid RF/VLC communications as
This network can also be considered as a VLC prioritized network where a user may first try to associate to a VLC network and switches to an RF network only in case of rate outage. In such a case, an outage will occur only if user will not get rate coverage from any of the RF or VLC network. The average rate of a typical user in hybrid RF/VLC network can be calculated as R h = R s + R o .
B. Coverage With Opportunistic RF/VLC Communication
Since the typical user can associate to either RF/VLC network, from the law of total probability, the coverage probability can be given as:
where P o is the association probability of a typical user to VLC network,C o andC s are the coverage probabilities of a typical user when associated with the tier of OBSs and SBSs, respectively. Note thatC o andC s are different than C o and C s since the opportunistic selection of the network changes the distribution of the distance between the typical user and its associated OBS or SBS. The details will follow in the subsequent subsections. 1) Association Probability: Given the maximum received signal power criterion, the association probability of a typical user to the OBS P o depends on the probability of two events: (i) the probability that the received signal power from an OBS is higher than the received signal power from all SBSs, (ii) the probability that OBS is located within the FOV of the typical user. As such, the association probability of a typical user can be given as in the following. (10), the probability that a typical user associates to the OBS, P o can be derived as follows:
Lemma 6 (Association Probability of a Typical User to OBS): Conditioned on
Proof: See Appendix C. The integral in Lemma 6 can be solved in closed-form for certain cases as shown below.
Corollary 1 (Association Probability With OBS in Closed Form, m + 3 = α): Given m + 3 = α, the closed form association probability of a typical user with OBS can be derived as:
To prioritize VLC over RF network, the association to VLC networks can be maximized using the aforementioned expression and optimal system parameters can be determined numerically on standard mathematical software packages such as MAPLE and MATHEMATICA.
The association probability to a certain network also provide direct insights into the mean traffic load associated to each network. For instance, the mean traffic load at RF and VLC network can be given as λ u (1 − P o ) and λ u P o , respectively. In order to distribute the traffic load in RF and VLC network according to the choice of network operator, we can select the system parameters (such as intensity of OBSs λ o , intensity of SBSs λ s , received power from OBSs) that satisfy P o = β, where 0 ≤ β ≤ 1 is the proportion of users in VLC network. By numerically solving P o = β, the desired system parameters can be obtained.
Corollary 2 (Closed-Form Solution for Network Parameters for Required Traffic Offloading): Using a tractable approximation of the erf(·) [31] , i.e.,
in Corollary 1 and considering ξ fov = 90°closed-form solution for Z 1 , λ o and λ s for required traffic offloading can be determined, respectively, as follows:
, and
where W(·) is the Lambert-W function. Note that Z 1 is a function of various network parameters such as transmit power of SBSs P s and OBSs P o , and m which sets the LED illumination angle. Therefore, designing Z 1 provides a great deal of flexibility to the operators. It can be observed that the traffic load at VLC network β is directly proportional to λ o . Therefore, it is expected that higher intensity of OBSs pushes the network operators to offload more users to VLC network. Moreover, the intensity of OBSs is inversely proportional to the power of OBSs (since the power of OBSs is inversely proportional to Z 1 ).
The association probability can be further simplified using
3π(4−π) ≈ 0.140012. This approximation is very accurate in the neighborhood of 0 and the neighborhood of infinity, and the error is less than 0.00035 for all x. Using the alternate value a = 0.147, the maximum error reduces to about 0.00012.
For a co-existing RF/VLC network with very sparse SBSs (similar to VLC-only network), i.e., λ s → 0, we can simplify the expression of association probability to VLC and maximize this association probability to obtain the optimal value of Z 1 as shown in the following.
Corollary 3 (Asymptotic Association Probability, λ s → 0): The asymptotic approximation of the association probability when λ s → 0 can be given using (20) as follows:
The closed-form optimal solution (to maximize the association probability) for Z 1 is:
Moreover, since VLC networks are expected to be denser than RF networks, it is interesting to determine an approximation of the association probability when λ s λ o → 0 and then optimize Z 1 to prioritize VLC network by maximizing the association probability.
Corollary 4 (Asymptotic Association Probability, λ s λ o → 0): The asymptotic approximation of the association probability when λ s λ o → 0 can be given using (20) as
The closedform optimal solution for Z 1 can then be given as follows:
2) Distance Distributions: In order to deriveC o andC s , we first derive the distribution of the distance of the selected OBS or SBS from the typical user, denoted by X o and X s , respectively. The relevant distance distributions can then be given as in the following. 
Lemma 7 (Distributions of X o and X s ): Conditioned on the fact that user selects OBS, the PDF f X o (x) of the distance X o between a typical user and its serving OBS is given by
Similarly, if the typical user associates to an SBS, the PDF f X s (x) of the distance X s between a typical user and its serving SBS can be derived as in (25) , as shown at the bottom of this page. Proof: See Appendix D.
3) Coverage Probability and Average Rate:
The coverage probabilitiesC o andC s can be calculated by averaging over the distance distributions f X o (x) in (11) and f X s (x) in (5) instead of f r (r ) and f v (v), respectively. The average rate of a typical user can be given as
where R s and R o can be given using (15) and (16) with the modification of taking expectation over X s and X o instead of V and R, respectively.
V. NUMERICAL RESULTS AND DISCUSSIONS
In this section, we analyze the impact of system parameters such as intensity of OBSs and the FOV of the PD receiver on the PMF of the number of interferers, distribution of the aggregate interference, and coverage probability of a typical user in various network settings. We comparatively analyze various network configurations such as RF-only, VLC-only, opportunistic RF/VLC, and hybrid RF/VLC networks. Simulation parameters are listed in Table I . Fig. 2 demonstrates the impact of the FOV of the PD receiver on the PMF of the number of potential interferers considering λ o |A| = 30. The analytical results closely follow the histogram generated by the Monte-Carlo simulations. It can be seen that only a small increase in the FOV (i.e., ξ fov = 70°to ξ fov = 80°) significantly shifts the mean of the distribution which represents the average number of interferers inside the FOV of the PD receiver. Moreover, with an increase in intensity of OBSs, the number of interferers inside the FOV of the PD receiver increases significantly as shown in Fig. 3 where CDF is plotted for various intensities of OBSs. The Monte-Carlo simulations verify the theoretical results in (12) .
A. VLC-Only Network Configuration 1) PMF of the Number of Interferers:
2) Laplace Transform of Aggregate Interference: Fig. 4 demonstrates the impact of the FOV of the PD receiver on the Laplace Transform of the cumulative interference considering λ o |A| = 80. This plot shows the unconditional Laplace Transform, i.e., E r L I |r (t) P(r ≤ T ) + P(r ≥ T ) where f r (r ) is given by the Rayleigh distribution. The first term is dominant in scenarios when there is a high probability of an interferer to exist within the FOV of the receiver (e.g., large FOV or intensity of OBSs). The second term is dominant for scenarios when there is no interferer, i.e., zero interference which makes the Laplace Transform unity. By definition, the value of the Laplace Transform L I (s) = E(e −s I ) of a random variable reduces with increasing s. That is, as s → ∞, L I (s) → 0. Subsequently, I is also inversely proportional to L I (s). Therefore, it can be noted that the cumulative interference increases significantly with increasing FOV. For low values of FOV, the aggregate interference becomes nearly constant after a certain value of s. The reason is that, in such cases, the probability of no interferer to exist within the FOV of the PD receiver P(r ≤ T ) is high which is independent of s and in such a case L I (s) is unity.
3) Coverage Probability of a Typical User: Fig. 5 depicts the coverage probability of a typical user in VLC-only network. As FOV increases, the coverage probability continues to increase since there is a high probability of detecting and associating to an OBS inside FOV. Although the interference also increases with the increase in FOV, the performance gain due to higher association and transmission probability dominates the performance loss due to higher interference. Moreover, it can also be observed that the coverage probability significantly varies as a function of the FOV and the height of OBSs. That is, the higher the deployment height of OBSs, the larger is the coverage probability. The reason is evident from the condition derived in Lemma 2 which shows that the probability of getting an OBS within the FOV of the PD receiver is a function of both height and FOV. That is, either increasing FOV or height will allow more OBSs within the FOV of the receiver which ultimately enhances the coverage. Nonetheless, for a given FOV, increasing height beyond a certain threshold may not be beneficial as is depicted in the next figure. Fig. 6 depicts the coverage probability of a typical user as a function of the height 6 and intensity of OBSs. It can be seen that as the height increases, the coverage probability first increases due to higher chances of getting an OBS within FOV of PD receiver and thus higher probability of association/transmission. However, beyond a certain height, the pathloss degradation due to increasing distance becomes more dominant leading to reduction in coverage. Also, the number of OBSs within FOV also becomes too high to make interference more dominant that results in coverage reduction. Also, we note that the range of the values of height that maximizes coverage is a function of the intensity of OBSs. For example, the higher intensity of OBSs reduces the range of heights at which coverage can be maximized whereas for sparse OBSs the optimal coverage can be achieved for a wide range of heights. The reason is that, increasing the intensity of OBSs allows interference to begin dominate rapidly. Finally, we note that the VLC outperforms the RF network only for a certain range of deployment heights or intensities. Therefore, it is crucial to select the correct intensity for a given deployment height of OBSs. Fig. 7 depicts the association probability of a typical user with OBSs as a function of the FOV of its PD receiver. It can be observed that, as the FOV increases, the association to OBSs increases. However, this increase may not be significant if the intensity of OBSs is smaller as can be seen for the case λ o |A| = 30. Moreover, it can also be noted that beyond a certain FOV, the association probability to OBSs starts to decrease. This effect is observed mainly due to the gain of the optical concentrator G(ξ ) which varies with the FOV of the PD receiver. However, if G(ξ ) = 1 as is considered in state-ofthe-art performance analysis studies [22] , the decaying trend cannot be observed. The probability of association to the OBSs 6 The height h of the OBSs may not necessarily represent the height of the room since it represents the height/vertical distance between the receiver and the lamp/LED source (which may not always be deployed at the ceiling). Therefore, it can be as small as 2 m (e.g., 2.25 m [22] ) or even less. gives direct insight into the traffic load at each network since the traffic load at RF and VLC networks, respectively, can be written as λ u (1 − P o ) and λ u P o .
B. Opportunistic RF/VLC Network Configuration 1) Probability of Association to an OBS:
2) Coverage Probability: Fig. 8 depicts the coverage probability of a typical user in co-existing RF/VLC networks with opportunistic network selection as a function of the FOV of the typical user. The opportunistic selection, i.e., based on maximum received signal power, is more suitable for scenarios where the interference effects are not dominant. For example, as the value of FOV increases from low to moderate, opportunistic selection increases the coverage probability. Nonetheless, beyond a certain FOV, the interference in VLC network becomes dominant and the coverage probability starts to reduce with the opportunistic selection. The reason is that the opportunistic selection is not an interference-aware scheme.
Interestingly, this coverage reduction (with increasing FOV) cannot be observed in VLC-only network. The reason is that, at higher values of FOV, the benefits from reduction of transmission outage events outweigh the coverage degradation due to increased interference. Note that transmission outages in co-existing RF/VLC networks are significantly low due to the presence of RF network. Therefore, the coverage degradation can be observed for higher values of FOV. Moreover, as also depicted, in VLC-only network, the optimal FOV tends to decrease as the height of OBSs increases since a larger height invites more interference and higher path-loss. Fig. 9 compares the performance of various network configurations, i.e., RF-only, VLC-only, opportunistic RF/VLC, and hybrid RF/VLC. As expected, the hybrid scheme outperforms all other schemes at the expense of extra resources; whereas RF-only configuration shows the worst performance. As λ o |A| increases the coverage probability of a user (in VLC-only network) increases due to the higher chances of finding an OBS inside FOV. On the other hand, as λ s |A| increases, the coverage probability of a user (in RF-only network) first increases due to increasing received signal strength and then reduces due to increasing interference. Fig. 10 compares the coverage of a typical user under various network configurations as a function of ξ fov . The hybrid scheme outperforms all other schemes. Opportunistic RF/VLC tends to outperform the isolated VLC networks especially in scenarios with low FOV. The reason is that, in low FOV scenarios, there may not be any OBS for desired transmission. As such, association to RF network becomes beneficial (note that RF-only is better than VLC-only for less FOV). However, as FOV increases, isolated VLC network tends to outperform opportunistic RF/VLC as well as the RF-only configuration. The reason is that the opportunistic scheme may still chooses RF network depending on the maximum received signal power without paying consideration to the larger interference at RF channel. Further, by comparing the coverage probability at R th = 3 Mbps and R th = 50 Mbps, we observe that, for higher target rates the increase in FOV may reduce the coverage probability. The reason is that, to achieve higher target rate, the amount of interference incurred at a typical user is crucial which is eventually increasing with the increase in FOV. This behavior cannot be observed when R th is low since the target rate can be achieved even with the increased interference. Similar trends can be observed from Fig. 11 where the rate comparison has been conducted for a typical user.
C. Comparative Analysis: All Configurations
VI. POSSIBLE EXTENSIONS
In this section, we will provide guidelines for extension to more advance network models, adapting to mm-wave communication channel, and/or including the impact of blockages.
A. Extension to Binomial Point Process Model for OBSs
Since LEDs/OBSs can likely be clustered in a small indoor area, Binomial point process (BPP) may also be an interesting analytical model for VLC network. Such a network model can be considered as a special case of this framework in which a fixed number of OBSs (say N) will be uniformly distributed in the circular region of radius R m . As such, the number of interferers can be determined as
where r represents the distance of serving OBS. Since all interferers are i.i.d, the Laplace Transform (conditioned on r ) of I a (s) can be given as (L I (s)) N I where L I (s) can be given as in Lemma 5. Moreover, the distribution of distance of serving BS r can now be given by [32, Lemma 1] . Note that the BPP model is a special case of Matern cluster process (MCP) with a single cluster. The coverage probability of a typical user can then be given using Gil-Pelaez inversion as in Lemma 4.
Furthermore, to consider several rooms with clustered LEDs, we can use a full-fledged MCP or a modified Thomas cluster process [33] . Note that, each cluster represents a separate room thus different clusters are unlikely to interfere with each other unless they overlap (with no blockages and/or have no boundary walls). In contrast to a homogeneous PPP, the location of the user of interest is crucial in cluster processes to characterize its coverage probability.
B. Incorporating NLoS Reflection Components
In addition to LoS , users may also receive VLC data through the reflected paths (e.g., owing to the wall, floor, human obstacles, etc.). The channel gain via one reflector is given as [34] :
where q denotes the LoS blocking probability, D 1 is the distance between an LED light and a reflecting surface, D 2 denotes the distance between a reflective point and user, ρ is the reflectance factor, U = cos(ω 1 )cos(ω 2 ), ω 1 and ω 2 denote the angle of irradiance to a reflective point and user, respectively, and d A wall is a small reflective area. Given that P(r ≤ T ) and defining X 1 = R 2 pd P o G 2 r , we can calculate the coverage probability of a typical user as given in Lemma 2 and defining
where, conditioned on r , X and X 1 are independent. As the number of reflected components keeps increasing, the term e − j ω(X +X 1 +··· ) can be updated accordingly.
C. Incorporating Shadowing in VLC networks
To incorporate shadowing, the displacement theorem can be used where shadowing is considered as a random transformation of the PPP of density λ. In this case, the resulting point process is also a PPP with equivalent density λE[S 2 β ]. As such, the effect of any distribution for the shadowing can be handled as long as the fractional moment E[S 2 β ] is finite.
D. Extension to MIllimeter Wave RF Networks
This framework can be modified for millimeter wave (mm-wave) RF networks (assuming only LoS transmissions) since the scattered components of the transmitted signal are extremely weak, and can be neglected [23] . The received signal power can be modeled as P rf
= 68 dB, and X can be considered as Gamma-distributed shadowing 7 . This shadowing can occur for LoS propagations if one or more Fresnel zones are blocked by large objects or humans in indoor environments while the geometric LoS path is not blocked. As such, by ignoring the inter-cell interference (which is nearly negligible for mmwave networks), i.e., L I (s) = 1 and customizing the path-loss model, we can extend our results to a simplified mm-wave network.
VII. CONCLUSION
This paper provides a unified framework for the coverage and rate analysis of coexisting RF/VLC networks under different network configurations such as RF-only, VLC-only, opportunistic RF/VLC, and hybrid RF/VLC networks. Using sophisticated approximations for the CDF of a Gamma random variable and complementary error function (erfc), approximate coverage expressions have also been derived. In order to balance the traffic load distribution as per the network designer requirements, we have derived the closed-form expressions of different network parameters. Numerical results show that the performance gains of VLC network can be guaranteed over the RF network only for a certain range of deployment heights or intensities. Therefore, it is crucial to select the correct intensity for a given deployment height of OBSs. Optimal FOV tends to decrease as the height of OBSs increases since a larger height invites more interference as well as higher path-loss. The opportunistic selection, i.e., based on maximum received signal power, is more suitable for scenarios where the interference effects are not dominant, e.g., low FOV or low intensity of OBSs. For higher interference scenarios, the opportunistic scheme deteriorates system performance due to wrongfully connecting to RF networks with higher interference instead of VLC networks. , where (a) is obtained using the lower bound and (b) is obtained using the Binomial expansion. Applying the definition of Laplace Transform L I (·), the coverage expression can be given as in Lemma 1, where the closed-form expression for L I (·) can be given as in (6) .
APPENDIX B: PROOF OF LEMMA 4
The conditional coverage probability of a typical user C r≤T can be derived as: 
Note that (a) is obtained from applying Gil-Pelaez inversion theorem. The exact coverage probability in Lemma 4 can then be derived by multiplying the conditional coverage probability C r≤T with the probability P(r ≤ T ) derived in Lemma 2.
APPENDIX C: PROOF OF LEMMA 6
A typical user will associate to either OBS or SBS depending on the maximum received signal power. As such, the association probability with OBS can be given as:
Using the null probability of a 2-D Poisson process with density λ s in an area A, P(v ≥ x) = P[No BS closer than x in SBS tier] can be derived as P(v ≥ x) = exp(−λ s |A|) = exp(−λ s π x 2 ). Subsequently, P o can be derived as:
Averaging over the PDF of r given as f r (r ) = Note that P vlc (r ) > 0 iff r ≤ T , therefore, P(P rf (v) > P vlc (r )) can be given as:
The condition G(v) ≤ T occurs only when v ≤ √
When r > T , all OBSs exist outside FOV. That is, P(P rf (v) > 0) = 1. P(v ≥ x s , r > T , P rf (v) > 0) can then be given as: 
